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Abstract. We provide new conditions for the Strong Atiyah conjecture to 
lift to finite group extensions. In particular, we show compact special groups 
satisfy these conditions, so the Strong Atiyah conjecture holds for virtually 
compact special groups. 



1. Introduction 

The motivation for this work comes from the following question of Atiyah [3j 
p. 72] about i 2 -Betti numbers of a manifold Y with a cocompact proper G-action 
(we slightly change the notation): 

A priori the numbers £ 2 b k (Y;G) are real. Give examples where 

they are not integral and even perhaps irrational. 
Of course, non-integral examples are well-known and can be easily constructed for 
any group with torsion. Irrational examples were first constructed by T. Austin [3]. 
Additional examples appear in 8, 18 . However, all these examples involve groups 
with unbounded torsion. In fact, for the class of groups with bounded torsion the 
following conjecture is still open. 

Strong Atiyah conjecture. For any proper cocompact G-CW complex Y 

1cm G-£ 2 b k (Y;G) £ Z, 

where 1cm G denotes the least common multiple of the orders of finite subgroups of 
G. 

(If G contains arbitrarily large finite subgroups, the conjecture is vacuous.) 

Since £ 2 b k (Y;G) is the von Neumann dimension of the kernel of the Laplacian 
operator A £ Mfc(ZG), the above conjecture is implied by, and in fact equivalent 
to, the following: 

Strong Atiyah conjecture (Algebraic Version). Let A £ M„(ZG). Then 

TO 

lcmG • dimc(ker A) := lcmG • tra^kerA) := lcmG • ^^(7Tk C r A^i^i, £ Z. 

i=i 

Here, is the orthogonal projection from ^(G)™ onto the kernel, and 5%ei :— 

(0, . . . , 0, Si, 0, . . . , 0) £ ^(G)™ is the standard basis element with non-zero entry 
the characteristic function of the identity element of G. This conjecture has also 
been generalized to matrices A £ M n (KG) for K a subfield of C. 
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The conjecture is known for a large class of groups. It easily follows from the 
multiplicative properties of £ 2 b k that the conjecture holds for all finite groups. It 
has also been shown for free groups and elementary amenable groups |13j , residually 
torsion- free elementary amenable groups [19] . and right-angled Artin and Coxeter 
groups [14] . Unfortunately, the conjecture does not behave well when passing to 
subgroups or taking hnite extensions. A special case is when G is torsion-free, 
in which case the Strong Atiyah conjecture for G implies the conjecture for all 
subgroups. In the case of group extensions, a fundamental theorem was proven 
by Linnell and Schick, where they gave conditions for the conjecture to lift to all 
elementary amenable extensions. Their main conditions, stated loosely here, are 
the following: 

Let G p denote the pvo-p completion of a discrete group G for a prime p. G 
is called cohomologically p- complete if the canonical homomorphism G — > G p in- 
duces an isomorphism on cohomology with Z/pZ coefficients. G is cohomologically 
complete if it is cohomologically p-complete for all p. 

G has enough torsion-free quotients if every map from G to a hnite p-group 
factors through a torsion-free elementary amenable group. 

In this paper, we modify enough torsion-free quotients to the factorization prop- 
erty, which requires that any map from G to a finite group factors through a 
torsion-free elementary amenable group. This strengthening lets us relax the coho- 
mological condition on G to being a good group in the sense of Scrre, which requires 
G to have the same cohomology as its profinite completion. Given these conditions 
on a group, we conclude the same lifting of the conjecture as Linnell and Schick. 

Theorem 1.1. Suppose 1— > H — > G ^ Q — > \ is an exact sequence of groups where 
H satisfies the Strong Atiyah conjecture and Q is elementary amenable. Suppose 
H has a finite classifying space, is a good group, and has the factorization property. 
Then G satisfies the Strong Atiyah conjecture. 

Our motivation here is that while compact special groups have enough torsion- 
free quotients, there are known examples of compact special groups that are not 
cohomologically complete. However, Lorensen proved in [16] that right-angled Artin 
groups are good, so it easily follows from the work of Haglund and Wise in [TU] 
that compact special groups are good. Proving compact special groups have the 
factorization property gives us: 

Theorem 1.2. The Strong Atiyah conjecture holds for virtually compact special 
groups. 

The paper is organized as follows: In Sections 2 and 3 we investigate goodness 
and the factorization property. The most important results for us are that both 
conditions pass to finite index subgroups and retracts, while also holding for right- 
angled Artin groups. In Sections 4 and 5 we prove Theorcm ll.il Section 6 is devoted 
to proving the Strong Atiyah conjecture for virtually compact special groups, and in 
Section 7 we look at an example of a link group that is good and not cohomologically 
complete. 

Acknowledgements. I would like to thank Prof. Peter Linnell for sending a proof 
that finite index subgroups of right-angled Artin groups have enough torsion-free 
quotients. I would also like to thank my advisor Prof. Boris Okun for all of his 
help and advice throughout this paper. 
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2. Good groups 

In this section we record a few of the facts known about good groups; in partic- 
ular, a result of Lorensen in |16| that right-angled Artin groups are good. 

Definition. For a group G, let G = hrn ^ G/H, where the inverse limit is 

taken over the set of finite quotients of G. G is the profinite completion of G. For 
every G, there is a canonical homomorphism i : G — > G which sends g G G to the 
cosets gH. A group G is called good if the homomorphism 

H* (G, M) = Urn H* {G/H, M) ^ H* (G, M) 

[G:H]<oo 

is an isomorphism for every finite G- module M. 

Lemma 2.1 ( 21, Exercise 2(a)]). Suppose we have an exact sequence 1 — > H — > 
G — > Q — > 1 with Q finite and H finitely generated. Then the induced sequence of 
profinite completions 1— > H — > G — > Q — > \ is exact. 

Lemma 2.2 ([21] Exercise 2(b)]). Let 1— >_ff^G— s-if— ^1 be an extension with 
H, K good and H*(H, M) finite for every G-module M. Then G is good. 

Lemma 2.3 ([9J Lemma 3.2]). Suppose G is a good group. If H is commensurable 
to G then H is good. In particular, goodness passes to finite index subgroups. 

Lemma 2.4. Suppose G is a good group and H is a retract of G. Then H is good. 

Proof. The cohomology of G and G are both contravariant functors. Therefore, the 
canonical map H n (H , M) —t H n (H, M) is a direct summand of the canonical map 
H n (G,M) — > H n (G,M). Since the latter is an isomorphism, so is the former. □ 

Definition. Let V be a finite simplicial graph with vertex set S. There is a right- 
angled Artin group At associated to Y which is generated by Sj € S, and has 
relations stSj = SjSi if and only if Sj and Sj span an edge of T. 

For example, complete graphs produce free abelian groups, while graphs with no 
edges produce free groups. It is also natural to consider the flag complex generated 
by T; we shall abuse notation and denote this T as well. The flag complex is formed 
by gluing an n-simplex onto any complete subgraph of T with n vertices. Therefore, 
7i-simplices of the flag complex T correspond to n pairwise commuting generators 
of the Artin group. 

Theorem 2.5 f [161 Theorem 3.15]). All right-angled Artin groups are good. 

Proof. Let Ar be the right-angled Artin group based on a flag complex T, and 
choose s G r. Then Ar decomposes as the HNN extension Ar- s *A Lk(s) , where 
Lk(s) denotes the link of s in T. Assume Ay~ s and A L k( s ) are good by induction 
on the number of generators. On the level of completions Ap- S and Ai^( s \ inject 
into Ar, as both subgroups are retracts of the latter (this fact is shown in [16].) 
Therefore, using the Mayer- Vietoris Sequence for HNN extensions and the Five 
Lemma we conclude that Ar is good: 
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if (A Lk(a) ,M) <-*— H n (Ar- s ,M) <-^— H n (A r , M) 4- ... 




■■■<-H n (A Lk{s) ,M) tf"(i r _ s ,M) tf"(i r ,M) <- ... 

□ 



Definition. If T is a finite simplicial graph with vertex set S, suppose we are given 
a family of groups (G s ) se s- The graph product Gr is defined as the quotient of the 
free product of the (G s ) s6 s by the normal subgroup generated by the commutators 
of the form [g s ,gt] with g s 6 G s , gt £ G t , where s and t span an edge of T. 

A graph product is a natural generalization of many interesting groups. For 
example, a right-angled Artin group is a graph product with each vertex group Z, 
and a right-angled Coxeter group is a graph product with each vertex group Z2. 
A similar proof shows that graph products of good groups are good, and graph 
products of cohomologically complete groups are cohomologically complete. 



3. The factorization property 

In this section we introduce the factorization property and show that it holds for 
right-angled Artin groups. Recall that the class of elementary amenable groups is 
the smallest class of groups which contains all finite and abelian groups and is closed 
under taking subgroups, quotients, extensions, and directed unions. For example, 
every solvable group is elementary amenable, and every elementary amenable group 
is amenable. 

Definition. A group H has the factorization property if any map from H to a finite 
group factors through a torsion-free elementary amenable group. Equivalently, for 
any finite index normal subgroup K < H there is U < H such that U < K and 
H/U is torsion- free elementary amenable. 

Lemma 3.1. A finite index subgroup of a group with the factorization property has 
the factorization property. 

Proof. Let K < G be a finite index subgroup of a group with the factorization 
property, and let / : K — y P be a map to a finite group. The left action of G on the 
set of cosets G/ker/ gives a map g : G — > Sym(G/ker/) to a finite permutation 
group, which by assumption factors through a torsion-free elementary amenable 
group M. Denote by h the map G — > M. Since ker/ is the stabilizer of the trivial 
coset, ker g C ker/, and therefore / factors through g{K). Therefore, / factors 
through h(K) which is torsion- free elementary amenable as a subgroup of M. 
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>Sym(G/ker/) 



□ 



Lemma 3.2. If E is a free group and F is a normal subgroup, then F/[F, F] is 
torsion-free. 

Proof. The statement is a corollary of the proof of Lemma 5 in [7] ■ Our argument 
comes from a comment by Agol 1 . Note that [F, F] is a normal subgroup of E as 
[F, F] is characteristic in F. Choose g e E — F. The subgroup G — (F, g) generated 
by F and g has G/F cyclic. Consider the normal series G > [G, G) > [F, F]. As 
G/F is abelian, [G, G] < F; therefore [G, G]/[F, F] is free abelian as a subgroup of 
F/[F,F}. Therefore, G/[F,F] is torsion- free by the sequence 



Lemma 3.3. Extensions of free groups by torsion-free elementary amenable groups 
have the factorization property. 

Proof. Let 1 — >• E —> H —> M — >• 1 be such an extension with F free and M 
torsion-free elementary amenable. Let / : H — > P be a map to a finite group. Let 
F = E fl ker /. Then E/F is finite, and E/[F, F] is torsion- free by Lemma I3T^1 and 
elementary amenable by the exact sequence 



Now / factors through H/ [F, F] which is torsion- free elementary amenable by the 
exact sequence 



Definition. Let G(T) be a graph of groups over a simplicial graph T, and let 
7ri(G(F)) denote its fundamental group. Recall that a subgroup H < G is a retract 
if there is a surjection p : G — > H that fixes H . A graph of groups G(r) is retractible 
if each vertex and edge group is a retract of 7Ti(G(L)). 

Lemma 3.4. Let G = 7ri(G(F)) be the fundamental group of a retractible graph of 
torsion-free elementary amenable groups. Then G has the factorization property. 



1 -> [G,G]/[F,F] -> G/[F,F] -> G/[G,G] -> 1. 



□ 



1 -> S/[F, F] -> #/[F, F] -> F/F -> 1. 



□ 
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Proof. By taking the product of retractions, G naturally maps to the product of 
vertex groups. The kernel of this map intersects the vertex groups trivially, and 
is therefore free. The image is torsion-free elementary amenable as a subgroup of 
such, so the claim follows from Lemma 13.31 

□ 

Theorem 3.5. A graph product of groups with the factorization property has the 
factorization property. 

Proof. Let / : Gr ->Pbea map to a finite group. By induction on the number 
of vertices of T, assume the restriction of / to Gr- S factors through a torsion-free 
elementary amenable group N. By hypothesis, the restriction of / to G s factors 
through a torsion-free elementary amenable group K. If Gr = Gr- S x G s , we can 
factor / through the product K x N. 

Otherwise, Gr splits as a retractible amalgamated product 

Gr = Gr- S *G Lk(s) (Gxk(s) x G s ). 

Denote by L the image of GLk(s) m N. The above factorizations induce a fac- 
torization of / through N *l (L x K). 

The retraction of Gr- S onto GLk(s) naturally induces a retraction from N onto 
L. Combined with the retraction L x K onto L, N *l (L x K) is a retractible 
amalgamated product of torsion-free elementary amenable groups. Therefore, / 
further factors through a torsion-free elementary amenable group by Lemma 13.41 

□ 

Z trivially has the factorization property, so as a corollary we have: 

Corollary 3.6. Right-angled Artin groups have the factorization property. 

Lemma 3.7. Suppose G has the factorization property. Then any retract of G has 
the factorization property. 

Proof. Let p : G —> H be a retraction, and let / : H — > P be a map from H onto a 
finite group. By assumption on G, / o p factors through a torsion-free elementary 
amenable group M. By pre-composing with i : H —> G, we see / factors though a 
subgroup of M, and hence H has the factorization property. 

/ 

H > P 

P i 

9 

G ■ > M 

□ 

4. Proof of Theorem 11.11 

Our strategy for Theorem 11.11 follows that of Linnell and Schick in [TB] . We 
quickly give an overview of the proof, which will take up the next two sections. 

Given a finite extension 1— > H — > G — > Q — > 1 with H torsion-free, Linnell 
and Schick give conditions on H so that / factors through an elementary amenable 
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group G/U with lcm(G/U) = lcm(G). This is enough to show the conjecture for 
G, which we record as a key lemma. 

Lemma 4.1 ([T51 Theorem 2.6]). Let 1—±H^G—>M—>1 be an extension 
where H is torsion-free, satisfies the Strong Atiyah conjecture, M is elementary 
amenable and lcm(M) = lcm(G). Then G satisfies the Strong Atiyah conjecture. 

The factorization property can be thought of as a condition on H which guar- 
antees a lot of torsion- free elementary amenable quotients. Consider one of these 
quotients, i.e. a subgroup U < H with H/U torsion-free elementary amenable. 
It is natural to make each U into a normal subgroup of G, denoted by U G , and 
consider the quotient G/U . While G/U G is always elementary amenable, it is 
tricky to control its torsion. Using the factorization property, we show that if all 
the quotients are bad in the sense that they have a lot of torsion, this implies a 
splitting of Q to the profinite completion G. With some work, we can use goodness 
of G to guarantee that at least one of the quotients G/U G has lcm(G/£7) = lcm(G). 

We now try to make the above ideas precise and prove our main theorem. 

Definition. For a CW-complex Y, let 7r s (Y") and 7Tg(Y) denote the unreduced 
and reduced stable cohomotopy groups of Y respectively. If Y is a point, then the 
stable cohomotopy of Y is by definition isomorphic to the stable homotopy groups 
of spheres — in this case we shorten Ttg(Y) to tt s . If G is a discrete group, Ttg(G) 
is defined to be the reduced stable cohomotopy of the classifying space BG. If G 
is the profinite completion of G, define 

r s {G):= linr r s (G/N). 

[G:N]<oc 

More details can be found in Section 4.4 of [15] . 

The next theorem is a profinite version of Theorem 4.27 in |15j . It is the main 
tool used to control torsion in these finite extensions. 

Theorem 4.2. Suppose we have an exact sequence 

l^H^G^Q^l 

where Q is a finite p- group and H is good and has a finite classifying space. Assume 
the induced exact sequence of profinite completions 

l^H^G^Q^l 

splits. Then the original sequence also splits. 

The idea behind Theorem l4.2l is that a splitting on the exact sequence of profinite 
completions should induce an injection of the degree zero reduced stable cohomo- 
topy i* : 715(G) — > 7r<y(G). We actually prove something slightly weaker than this; 
but we end up with a description of what an element of the kernel should look like. 
Since Q splits to G, tt s (Q) — > tt s (G) is injective, and with some work we conclude 
an injection n s (Q) — > tt s (G). By the following result of [15], where it is attributed 
to A. Adem, this guarantees a splitting Q — > G. 

Theorem 4.3 ([HI Theorem 4.28]). Let H be a discrete group with finite cohomo- 
logical dimension. Suppose we have an extension 
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where Q is a finite p-group. The extension above splits if and only if the epimor- 
phism G — > Q induces an injection 7r<j(Q) — > Wg(G). 

Therefore, Theorem 14.21 follows from the following technical lemma, which we 
prove in the next section. 

Lemma 4.4. Suppose that we have an exact sequence 

l^H^G^Q^l 

where Q is a finite p-group and H is good and has a finite classifying space. Assume 
the induced exact sequence of profinite completions 

l^H^G^Q^l 

splits. Then the induced map i* : ft%(Q) — > TTg(G) is injective. 

Before proving our main theorem, we need the following four lemmas — these 
correspond to Lemmas 4.10, 4.52, 4.54 and 4.59 in [T3] . 

Lemma 4.5. Suppose H is finite index and normal in G, and U — {U} is a collec- 
tion of normal subgroups of H such that H/U is torsion-free elementary amenable 
for each U £ 14. Let U G = {U G } be the corresponding collection of normal sub- 
groups of G, where U G = Cig^c gUg^ 1 . Then 
(i) This is a finite intersection. 

(ii) H/U is torsion-free elementary amenable. 

(Hi) G/U G is elementary amenable. 

Proof. (i) This follows from H being finite index in G and U being normal in H. 

(ii) U is the kernel of the map 

H -> H/U x H/g^g- 1 x • • • x H/g^g- 1 

where the range is assumed to be torsion-free elementary amenable. 

(iii) We have the exact sequence 

1 -> H/U G ->• G/U G -> G/H -> 1. 

□ 

Lemma 4.6. Let Q be a finite p-group in the exact sequence 

l^H^G^Q^l. 

Assume that among all normal finite index subgroups ofG, there is a cofinal system 
Ui < G with Ui C H , such that for each i, the homomorphism m in 

G ^ G/U t ^ Q 

has a split Sj : Q — > G/Ui. Then the profinite completion map n : G — > Q has a 
split Q ->• G. 

Proof. The proof in [15] works identically in this case. The idea is that for each 
q G Q, we choose elements g(q,i) 6 G with Pi(g(q,i)) = Si(q) G G/Ui. Since G 
is compact, each sequence Pi(g(q, i)) has a convergent subsequence, and since Q is 
finite, we can assume there is one subsequence with Pi{g{q 1 i)) — > g(q) for each q. 
The splitting is then defined as 

s :Q ^ G,q^ g{q). 

□ 
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Lemma 4.7. Suppose H is finitely generated and has the factorization property. 
Then there exists a collection U of subgroups U < H such that every finite in- 
dex subgroup of H contains a subgroup in 14, if U G U then H/U is torsion-free 
elementary amenable, and if U G IA, V G IA, then U C\V G IA . 

Proof. Let K n be the intersection of all subgroups of H of index < n. Since K n 
is finite index in H and H has the factorization property, there is a subgroup 
V n contained in K n such that H/V n is torsion-free elementary amenable. Letting 
U n = n™ =1 V; and IA — {U n } satisfies the above conditions, and by the proof of 
Lemma l4.5f M). H/U n is torsion-free elementary amenable for each n. 

□ 

Lemma 4.8. Let Q be a finite p-group and let 1 — > H — > G Q — > 1 be an 
exact sequence of groups. Assume H is finitely generated and has the factorization 
property. Let IA be a collection of normal subgroups of H as in Lemma |^. 7\ and 
define IA G as above. If each G/U G contains a subgroup of order p k , then there is a 
subgroup Qo < Q of order p k splitting back to Go < G, where Go = ft (Qo)- 

Proof. By an easy argument in [15) . there exists Qo of order p k splitting back to 
G/U G for all elements in IA G . If Qo splits to G/U G , then it splits to the quotient 
G/J for all U G < J < H. Amongst the normal finite index subgroups of G (or 
Go), those contained in H form a cofinal collection. Since H has the factorization 
property, each finite index K < H contains U G G IA G ', so Qo splits to each finite 
quotient G/K (or Gq/K). By Lemma [4~6| this implies that Qo splits to Go- 

□ 

Proof of Theorem \l.l\ Using |15[ Lemma 2.4, Corollary 2.7], we only need to prove 
the case of Q being a finite p-group. Let IA be a collection of normal subgroups of H 
as in Lemma [4T71 and let IA G as above. If lcm(G/C/ G ) = lcm(G) for any U G G IA G ', 
we would be done by Lemma |4.1[ Lemma 14.51 and the extension 

1 -> U G -> G -> G/U G -> 1. 

Since H and H/U G are torsion-free and Q is a finite p-group, lcm(G) and 
lem (G /U G ) are powers of p. Now, suppose each of the above groups G/U had 
a torsion subgroup of order p k . By Lemma 14. 81 there is a subgroup Qo in Q of 
order p k and a splitting Q — > Go. Theorem 14.21 now implies Qo splits to Go, 
which implies lcm(G) > p k . Therefore, there exists a subgroup U G such that 
lcm(G/[/ G ) = lcm(G). □ 

Remark. If G is torsion free, there is a quicker proof that does not require Theorem 
14.21 The idea is the same as above, but a splitting Qo — > Go is an easy contradiction 
as goodness implies i?*(Go,Z/pZ) = i/*(Go,Z/pZ) is zero above some dimension, 
while H* (Q, Z/pZ) is not. In this case, we can also relax the assumption of H having 
a finite classifying space to being finitely generated and having finite cohomological 
dimension. 

Remark. Schick has shown that the methods used in [15] apply to the Baum- 
Connes conjecture with coefficients. Unsurprisingly, our results can be applied in 
the same way. We will just state our theorem as the proof is identical to his in [20] . 

Theorem 4.9. Suppose 1— > H — >G— > Q — > I is an exact sequence of groups, 
where H and Q satisfy the Baum-Connes conjecture conjecture with coefficients. 
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Suppose H has a finite classifying space, is a good group, and has the factorization 
property. Suppose G is torsion-free. Then G satisfies the Baum-Connes Conjecture 
with coefficients. 

5. Proof of Lemma |4~41 
In this section, we complete the proof of Theorem 11.11 

Proof of Lemma \4-4\ We use the same spectral sequence argument as in [15] . Recall 
that we have an Atiyah-Hirzebruch spectral sequence for jr s s +t (G) with 

E s /(G)=H s (Gy s ), 

and a corresponding spectral sequence for ir s s +t (G) with 

E s /(G)=H s (Gy s ). 

This second spectral sequence is defined to be the direct limit of the spectral se- 
quences for the finite quotients of G. 

Since G has torsion, our classifying space for G is infinite dimensional, so we need 
to be careful about the convergence of the Atiyah-Hirzebruch spectral sequence. If 
X is a connected CW-complex and X^ its fc-skeleton, let F^(X) denote the kernel 
of the map j* : TTg(X) — > 7f|(X^) induced by the inclusion j : X^ — > X. Assume 
without loss of generality that X^ is a point; in this case Fq(X) — fcg(X) as TTg 
is trivial. We say the above spectral sequence converges to 7r s s +t (X) if 

E'J (X) - F: +t (X)/F s +l (X) Vs > 0, t e Z. 

Now we compare our two spectral sequences. Recall that 7rJ is trivial if * > and 
finite if * < 0. Therefore, these are both fourth quadrant spectral sequences with 
finite coefficients for t < 0. Since G is good by Lemma l2.2[ we get an isomorphism 
on E%' ' terms except for s > 0,t = (for s = t = both terms are trivial.) This 
implies isomorphic E%£ terms for s + 1 < as in this range there is no interaction 
with the possibly non-isomorphic terms, as indicated below in Figure 1. 

In particular, we have an isomorphism on the diagonal E^~ k (G) — > E^~ k {G) for 
all k. We now use the convergence results of |15) . where it is shown in Propositions 
4.43 and 4.47 that F°(G)/F° +1 (G) injects into E^~ k {G) and F° (G) / F° +1 (G) is 
isomorphic to Ej^ k (G). 

(The key idea behind these results is that the i?2-terms of both spectral sequences 
are finite; for Ef^ (G) this is trivial, while for E% (G) it follows from G being good. 
Since these terms are finite, they must stabilize after a finite number of sheets of 
the spectral sequence, and with some care convergence follows.) 

The convergence results imply an injection: 

F°(G)/F° +1 (G) -> E^- k {G) £ E^ k (G) -> F°(G)/F° +1 (G). 
We now have a commutative diagram for all k: 

-> F°(G)/F° +1 (G) -> ^(G)/F fe ° +1 (G) -> n° s (G)/F°(G) 
-> F fe °(G)/F° +1 (G) -> ^ s {G)/f{ +1 {G) ^ ^(G)/F°(G) ^ 
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1 2 3 4 5 




Figure 1. The shaded regions indicates terms that interact with 
the non- isomorphic top row (s > 0). These terms have no effect 
on the lower diagonal of the Eoo sheet. 

The injectivity of follows from the injectivity of ik and <&k by a diagram 

chase. By induction beginning with k = 0, we have injections for each k > 0: 

n° s (G)/F°(G)^TT° s (G)/F°(G). 

We also have the following commutative diagram, where s is by assumption 
split-injective: 

>n° s (Q)/F° k (Q) 

n° s (G) >n° s (G)/F° k (G) 

i h 

Trg(G) >K s (G)/F° k (G) 



12 



KEVIN SCHREVE 



We have shown that is injective for each k > 0. This implies any element 
of the kernel of Ttg(Q) — > ^(G) would be contained in F®(Q) for each k G N. 
However, it was shown in Proposition 4.40 of [TS] that Ok F®(Q) is trivial, which 
implies 7Tg(Q) — > 7Tg(G) is injective. □ 

6. Virtually Compact Special Groups 

A cube complex K is a polyhedral complex where each cell is isometric to the 
Euclidean cube [0, 1]™. A cube complex is non-positively curved if the link of each 
vertex is a flag simplicial complex. If a cube complex is non-positively curved and 
simply-connected, then the natural piecewise Euclidean metric on K is CAT(O). 

If K is a non-positively curved cube complex, Haglund and Wise in [10] made the 
remarkable observation that tti (K) injects into a right-angled Artin group Ay if and 
only if the hyperplanes of K are embedded in K and avoid certain configurations. 
They define such a cube complex to be special. A group H is then special if is 
the fundamental group of a special cube complex K, and compact special if K is 
compact. 

Theorem 6.1 f [141 Theorem 2]). Right-angled Artin groups satisfy the Strong 
Atiyah conjecture. Consequently, special groups satisfy the Strong Atiyah conjec- 
ture. 

The next theorem is an immediate consequence of |10| Proposition 6.5], which 
inspired much of the work in this paper. 

Theorem 6.2. Let H be a compact special group, and i : H — > Ar the embedding 
constructed by Haglund and Wise. Then there is a finite index subgroup K of Ay 
which retracts onto H . 

Obviously, compact special groups have finite classifying spaces. Since goodness 
and the factorization property pass to finite index subgroups and retracts (Lemmas 
12.31 12.41 13.11 13. 7|) and right-angled Artin groups are good and have the factorization 
property (Theorem 12.51 and Corollary 13 . 6 1) . we conclude: 

Corollary 6.3. Compact special groups have finite classifying spaces, are good, and 
have the factorization property. 

We can now prove our second theorem from the introduction, which gives a new 
class of groups satisfying the Strong Atiyah conjecture. 

Proof of Theorem ll .21 Let G be a virtually compact special group. As finite index 
subgroups of compact special groups are compact special [TU], we can assume that 
G has a normal compact special subgroup H. By Corollarv l6.3[ Theorem l 1 . 1 1 applies 
to H. □ 

Remark. The class of virtually compact special groups has been shown to be 
amazingly large, highlighted by Agol's recent proof of the Virtually Compact Special 
Theorem. 

Theorem 6.4 ([2, Theorem 1.1]). Let G be a word-hyperbolic group that acts prop- 
erly and compactly on a CAT(0) cube complex X. Then G is virtually compact 
special. 
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Recent breakthroughs in 3-manifold theory and Theorem 11.21 imply that the 
Strong Atiyah conjecture holds for all fundamental groups of closed (or with toroidal 
boundary) hyperbolic 3-manifolds. 

Coxeter groups were cubulated in [17] , and shown to be virtually special in [11] . 
It is also known that the cubulation is cocompact whenever the group does not 
contain a Euclidean triangle Coxeter subgroup. 

Corollary 6.5. The Strong Atiyah conjecture holds for all Coxeter groups which 
do not contain a Euclidean triangle Coxeter subgroup. In particular, it holds for all 
word-hyperbolic Coxeter groups. 



In this section we give an example from [6] which illustrates the advantage of 
our conditions over those of [15]. Recall that a link group G is the fundamental 
group of the complement M of a tamely embedded link in S 3 . Similarly, a knot 
group is the fundamental group of the complement of a tame knot in S 3 . In [15] . 
it was shown that all knot groups are cohomologically complete. The idea is that 
the cohomology of knot groups G is well-known by Alexander duality: 



Therefore, the map to the abelianization G — > G/[G, G] = Z induces an isomor- 
phism on all homology groups. We now use a theorem of Stallings in [22] to conclude 
that for any prime p, the pro-p completion G p = V , which implies completeness of 



Remark. Wilton and Zalesskii prove in [23] that if M is a closed, irreducible, 

orientable 3-manifold, goodness of iri (M) follows from goodness of all fundamental 
groups of pieces of the JSJ decomposition of M. We have seen that fundamental 
groups of closed hyperbolic 3-manifolds, or those with toroidal boundary, are good. 
Since fundamental groups of Seifert-fibered spaces are good, it follows that all knot 
groups are good. 

Blomcr, Linncll and Schick in [5] also show cohomological completeness for cer- 
tain link complements called primitive link groups (this is a combinatorial condition 
on the linking diagram.) This lets them conclude: 

Theorem 7.1 ([5] Theorem 1.4]). Let H be a knot group or a primitive link group. 
If H satisfies the Strong Atiyah conjecture, then every elementary amenable exten- 
sion of H satisfies the Strong Atiyah conjecture. 

On the other hand, Bridson and Reid in [5] reverse the argument in [15j to 
construct link groups that are not cohomologically complete. These examples are 
homology boundary links, which have the property that the corresponding link group 
G surjects onto F-z. An example of theirs is shown below. 



7. Knot and Link Complements 




n = 0,l 
n > 2 



G. 
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Again using Alexander duality and Stallings Theorem, Bridson and Reid show 
that for any prime p, G p = F%, which has homology concentrated in dimension 1 as 
F 2 is cohomologically complete. However, link groups with more than 2 components 
have nontrivial second homology groups, which contradicts completeness in this 
case. 

Clearly, Theorem 17.11 does not apply to this homology boundary link example. 
However, the example shown in the figure (and in general 'most' link complements) 
are hyperbolic. We have shown above that the link group is good and has the 
factorization property, so Theorem 11.11 applies and the Atiyah conjecture holds for 
elementary amenable extensions of this group. 
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